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HOMOGENEOUS VECTOR BUNDLES AND INTERTWINING OPERATORS FOR 

SYMMETRIC DOMAINS 

GADADHAR MISRA AND HARALD UPMEIER 


Abstract. The main features of homogeneous Cowen-Douglas operators, well-known for the unit 
disk, are generalized to the setting of hermitian bounded symmetric domains of arbitrary rank. 


0. Introduction 

The well-known Cowen-Douglas theory of operators (resp. operator tuples) possessing an open set 
of (joint) eigenvalues, has been implemented by A. Koranyi and G. Misra pjjj ill) for the so-called 
homogeneous operators on the unit disk, leading to a full classification up to unitary equivalence. 
The unit disk is the basic example of a bounded hermitian symmetric domain. In this paper the 
major results for homogeneous operator tuples are generalized to all (irreducible) bounded symmetric 
domains D = G/K of arbitrary rank. More precisely, for the bi-holomorphic automorphism group G of 
D we realize some of the irreducible unitary (discrete series) representations on ’little’ Hilbert spaces 
H^(D, P\Z), for some v > 0 and an integer partition A, consisting of holomorphic functions on the 
bounded symmetric domain D and possessing a reproducing kernel. As our main construction, we then 
consider a ’big’ Hilbert space (D, P n Z) with a unitary G-action, as a weighted direct sum with 
weights determined by a tuple c of positive real numbers, which also possesses a covariant reproducing 
kernel. There is a natural action of the polynomial ring, or more generally, the G*-algebra generated 
by the multiplication by polynomials and their adjoints, on both the little and the big Hilbert spaces. 

In this setting, our main results are (i) the ’Peter-Weyl’ decomposition of the big Hilbert space into G- 
irreducible components described via intertwining differential operators, (ii) a criterion for boundedness 
of multiplication operators, and (iii) the proof of irreducibility of the associated homogeneous hermitian 
vector bundles under the multiplier action. Our results are new even in the special case of the unit 
ball in C d , where the general theory leads to explicit formulas for the intertwining operators and the 
classification of reproducing kernels. 

1. Review of homogeneous Cowen-Douglas operators 

To put our work into perspective, we first outline the relation to the standard approach to Cowen- 
Douglas theory. Consider an open subset D C C. In a very influential paper [3], Cowen and Douglas 
isolated a class of operators Bk(D) of operators T* on a complex Hilbert space H such that (i) for each 
w € D, the conjugate uJ is an eigenvalue of constant multiplicity k , (ii) the collection of all fc-dimensional 
eigenspaces 

V w := ker(T* ~w)cn Vw£D 

is total in T~L 1 and (iii) given any wq £ D , there exists an anti-holomorphic choice of k linearly independent 
eigenvectors 

W ^K} w ,...,K. k w ( 1 . 1 ) 
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for w in some neighborhood U of Wq- Putting 

k 

= VCeP:=C fc 

1=1 


we obtain linear isomorphisms 

K W :V^V W Mw&U (1.2) 

which depend anti-holomorphically on in £ U. In the multi-variable case of domains D C C d , Curto 
and Salinas [5] introduced the class Bk{D) of commuting d-tuples 


(3T»---.r d *) (i.3) 

of operators on "H, such that (i) for each w £ D the adjoint tuple w £ C d is a joint eigenvalue of 
constant multiplicity k and (ii) the collection of all joint eigenspaces 

d 

V w := p] ker(T* -wj) C H V w £ D 
2=1 


is total in TL. Curto and Salinas list conditions on a commuting d-tuple which implies (iii) the existence 
of an anti-holomorphic choice d) of k linearly independent joint eigenvectors in some neighborhood 
U of an arbitrary wq £ D. Under these conditions, the eigenbundle 

V := (J V w C D x TL 

w£D 

of the operator tuple (11.31) becomes a hermitian holomorphic vector bundle over D. Thus every 
local holomorphic section er : U —> V has a trivialization 


a z :=JC* z a z £V Vz £ U, 


(1.4) 


which is a holomorphic map a : U —► V. On the other hand, every $ £ TL induces a global section 

2h)f z := ( :$eb Vz£D (1.5) 

of V, where l z : V z —> TL is the inclusion map. The local trivialization 

= /C*f z = («,*£*)*$ = \/z£U (1.6) 

shows that these sections are holomorphic. Since the realization (11.51) is injective due to condition (ii), 
we may replace H by a Hilbert space of holomorphic sections of V. Then the d-tuple T = (Tj,..., Td ) 
is conjugate to the commuting tuple z° of multiplication operators by the coordinate functions z-y. In 
fact, T*b z =Zjb z implies 

= (T*(.,)*$ = (zjL z )*$ = Zj{il^) =Zj- f . 

More generally, denoting by f° the (module) action by multiplication operators, we have 

= {r$) z (i.7) 

for all polynomials f £ C[z \,..., zj\. The papers [3 9 [S] provide a 1-1 correspondence between unitary 

equivalence classes of operators in Bk(D) and the corresponding equivalence classes of holomorphic 
Hermitian eigenbundles, with equivalence determined modulo a holomorphic change of frames. 

In our setting of symmetric spaces of non-compact type, the eigenbundle has a global holomorphic 
trivialization, so that urn m and (11.61) hold for U = D. Thus we may identify TL with a Hilbert 
space of holomorphic maps $ : D —> V by identifying $ £ TL with <1> : D —> V. Define 

K ZtW := K* Z K, W £ End(V) Vz,w£D. 

For every rj £ V, the element K w r] £ V w C TL induces the holomorphic section 

E u -T j = L z KL w T] 


with trivialization 


KLw'n = IC*lC w r] = K.*t*lC w r] = !C z K w r] = lC z , w r /. 
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Identifying $ = $ and ( IC w r)) z = K. w rj = IC Z it follows that /C, becomes the adjoint of the evaluation 

- Z 

map 

$ 2 =/C*$ \/z£ D 

and we have the reproducing kernel property 

{®w\v)v = {*k w \v)v = (/C* $|r?)y = ($|/C m ? 7 )« = ($| K, w ri)-H = (<L| K w rj) H (1-8) 

for all <1> G % C 0(D,V). We use Hilbert space inner products that are conjugate-linear in the first 
variable. Applying (11.81) to G Ti we obtain 

{1C z t\lCwri)u = {(Kz£)w\v)v = {Kz,w£,\v)v Vz,w G D, V£,?? G V. 

Assuming that IC WjW is invertible we have = id\> w . It follows that 

(£J$Jw = (4*1 Wu = {Cm w ic-] w ie w L* w *) H 
= {ie w Li^K-] w ie w L* w *)v = (fj/c-^tju = (<M k.-)Mv 

for all dyT G H. Thus the hermitian fibre metric on the vector bundle V is given by Then 

the d-tuple Q is conjugate to the commuting tuple z° of multiplication operators by the coordinate 
functions 

(T j <!>) z = z j <f> z = (z°$) z V z £ D. 

In this paper we are concerned with equivariant vector bundles. Let G be a Lie group acting biholo- 
morphically on D, such that each g G G lifts to an automorphism of 7 r : V —> D, i.e. a diffeomorphism 


V, 


gz 


(linear on fibres) g : V —t V such that nog = goir, and 5152 = j j for all 51,52 G G. Let 5 : V 2 
denote the restriction of 5 to V z , and consider the action g a on holomorphic sections a :£>—>■ V defined 

by 

(g a v)gz=g^z VzeD. 

Now assume that T~L carries a (projective) unitary representation 5 “ of G such that 

g“$=g“$ V$ G "H. 

Thus 

L* gz g a $ = g^ gz = (£“f) ff z = gjk z = g z 4*, 

V z , we obtain 


showing that l* g a =5 1 *. Using the adjoint 5 * : V, 


gz 


Lgz =5 U5 


V gz , there exists a unique 


This implies 5 “ V z = V gz . Since IC gz and g a IC Z are both isomorphisms V 
’cocyle’ [g\ z G GL(V ) with the property 

IC gz = g a IC z [g]:. 

Taking adjoints, we obtain the identity 

= IC* gz g a $ = [g] z IC:<S> = [g] z d> 2 

for all $ C O ( D, V). Thus the action g a is a multiplier action 

{g-^) z = \g]- 1 ^ gz Vz G D. 

Since 5 “ is unitary it follows that 

ic gz , gw = lC gz K gw = (g a IC Z [g]*)*g a K. w [g\* w = [g\ z 1C* z 1C w [g\* w = [g\ z IC z , w [g}* w . (1.9) 

Assuming that (11.71) holds for a larger algebra A of holomorphic functions f on D which is invari¬ 
ant under the group action (e.g., all bounded holomorphic functions), we obtain the imprimitivity 
relations 

/ 0 ( 5 “d>) = 5 «(/o 5 )°$ V/GA 
In fact, for any <!> G TL C 0{D, V) and z G D we have 

( f°(g a *))«?* = f(gz) (g a $)gz = (/ ° g){z) \g]z ** = [g\z{{f ° 5 )°*)* = ( g a (/ ° g)°^) 9 z- 
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Another result of |3] says that T is irreducible if and only if the vector bundle V is irreducible. In the 
homogeneous setting the Hermitian structure of the vector bundle V may be irreducible, even if the 
action of the group of automorphisms on the sections of the vector bundle V is reducible. When the 
module action is continuous, this is exactly the same as the irreducibility of the d-tuple of the adjoint 
of the multiplication operators on the sections of the vector bundle V. 

2. Homogeneous vector bundles on symmetric Domains 

In this section we construct holomorphic cocycles and their associated homogeneous vector bundles on 
hermitian bounded symmetric domains of arbitrary rank. It is well known mm that these domains can 
be algebraically described in terms of Jordan algebras and Jordan triples. Let Z be an irreducible 
hermitian Jordan triple of rank r, with Jordan triple product denoted by (uOv*)w = {uv*w} for all 
u,v,w £ Z. The quadratic representation is defined by 

Q u z:={uz*u}. (2.1) 

Define the Bergman endomorphism B u v £ End(Z) by 

B UtV = I — 2u □ v* + Q u Q v Vu,v £ Z. 

Let K C GL(Z) denote the compact linear group of all Jordan triple automorphisms. The complexified 
group C = K c consists of all invertible linear maps h £ GL(Z) satisfying 

hQ z h*=Q hz \/z£Z. (2.2) 

Here h* is the adjoint relative to the if-invariant inner product 

2 

(ulu) := - tr u\3v*, 

P 

where p is the so-called genus. We have 

h B UjV h 13^—i u , h* v 

for all h £ I\ c . The (spectral) unit ball 

D = {z£ Z : B(z, z) > 0} C Z 

is an irreducible hermitian bounded symmetric domain. The identity component G of the biholomorphic 
automorphism group of D is a semi-simple real Lie group and D = G/K , with K = {g £ G\ g(0) = 0} 
the stabilizer at the origin 0 £ D. A pair (z,w) £ Z x Z is called quasi-invertible if B ZjW £ GL(Z) is 
invertible. In this case, the element 

:= B-'jz - Q z w) £ Z 

is called the quasi-inverse. Its exact denominator is the quasi-determinant A z , w , an (inhomoge¬ 
neous) sesqui-polynomial which satisfies 



det B z>w = A p zw . 


The covariance formula 

Bg Z , gw = (d~g) B ZtW ( d w g )* \/g £ G 

(2.3) 

implies 

A gz , gw = det (d z g) 1/p A ZtW det (d w g) 1/p V g £ G. 

(2.4) 

Therefore the G-invariant 

measures on D have the form 



dp(x) = c ■ A~ p x dx , 

(2.5) 


where c > 0 is a constant and dx denotes Lebesgue measure on Z. By [L2j the compact dual space Z 
of Z , called the conformal compactification of Z has a Jordan theoretic description in terms of the 
quasi-inverse. The group G c of all biholomorphic automorphisms of Z has a decomposition 
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where P_ consists of all translations 


i w z := z + w, w £ Z 

and P+ consists of all rational transformations 

tw z := z ~ w , w £ Z. 

Then Z = G c /1\ c P+. For all h £ K c we have 

( 2 . 6 ) 

and h~ 1 (z w ) = (/i _1 z) h “ w , or equivalently 

h~ 1 t w h = t h , w . (2.7) 

One can show [T2] that 

U z = t z - w B~l_ w \ w -* (2.8) 

whenever ( 2 , —re) is quasi-invertible. For any x € D we define the transvection 

.9, :=t x B^t x eG (2.9) 

1 /2 

using the sesqui-holomorphic square-root (z,w) >-> B z ' w on the simply-connected domain D x D deter- 
1/2 

mined by P 0 g = id. 

Definition 2.1. Let C be a complex Lie subgroup of G c containing K c . A mapping 

G x D —> C, (g, z) i-A- [(?] z , 

is called a C-valued holomorphic cocycle if for every g € G the map D 9 z 1 —> [g\ z £ C is holomorphic 
and the cocycle identity 

[9i9i\z = [9\\g 2 {z)[9i]z (2-10) 

holds for all € G and z £ D. We assume in addition that 

[k] z = k V fc £ K. (2.11) 

Definition 2.2. Consider a holomorphic C-valued cocycle and an irreducible holomorphic represen¬ 
tation of C on a complex vector space V, endowed with a K-invariant inner product (<f>\if)v- The 
F-valued Bergman space H%(D,V) consists of all holomorphic maps 1) 9 z 4 £ b which are 

square-integrable under the inner product 

($|M>) = J dfi(x) A" >x ([g x ] 0 1 $ x | [fifJo 1 *x)v- (2-12) 

D 

Here v is a parameter which is sufficiently large to ensure that H^(D,V) contains all polynomial maps 
in the variable z. 

In this definition the inner product is given in terms of a measure on D. Later, we will consider 
more general parameters v in the so-called (continuous) Wallach set, which are obtained via analytic 
continuation. For some special values of v, the corresponding inner products may still be defined via 
semi-invariant measures on boundary orbits of G, but in general there is no measure theoretic realization 
anymore. 

Proposition 2.3. For a holomorphic map $ : D —> V we put 

(9- a *)z = [9]i K * g z V(g,z) eGx D. 

Then 

(g- a “ $)* = det (d z g) v '» (g- a $) z 
defines a unitary (projective) representation of G on Hf(D,V). 


(2-13) 
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Proof. Clearly, g : .D —»• V is holomorpliic, and we have gf"gf" = whenever gi,g 2 £ G, 

since (12.101) implies 

Gfc 2^ *)* = det^)^ [ffa]- 1 • for 0 "' *W) 

= det(d z g 2 y /p [g-iff 1 ■ det(<9 g2(2) £fi)" /:p [gi\~ 2{z) ® gi { g2 ( z )) = det(d z ( gi g 2 )) v/v \gig 2 \f l $ (gig2 )( 2 ). 

More precisely, this identity holds up to a constant multiple depending on gi,g 2 if v/p is not an integer. 
To show unitarity, note that for any x £ D and g £ G, we have gg x = g gx k for a suitable k £ K. It 
follows that 

\g\x [g x }o = [gg x ]o = [g gx k ] 0 = [g gx ]o [k \ 0 = [g gx ]o k 
by (12.101) and (12.111) . By A-invariance we obtain 


([ffJo 1 [fflx 1 0 foJo 1 fo]* 1 v = ( k 1 Wo V * 1 fogxlo 1 = (Wo 1 ^ 1 ^), 

for all <p, ip £ V. Using the G-invariant measure m , we obtain 

('T“ 1 ' $ <T“" = J dg{x) A xx ([g x ]o 1 (5““" $)* 1 fo - "" *)*) v 


= j dp(x) A x x | det{d x g)\ 2v,p (foj 0 1 [ff] x 1 d> gx 

D 


\9x \0 id\x ^gx^ v 


= J dp(x) A v gx gx (fo sa .] 0 1 $ 9 *| [g gx \ 0 1 ®gx) v = J M x ) A *,x (fo*]o 1 

D D 



W)- 


□ 


The distinction between g a and g 0 * 1 ' made in the previous proposition isolates the role of the ’quan¬ 
tization’ or ’deformation’ parameter v. Alternatively, one could adapt the cocycle [g\ z to incorporate 
the parameter v. Geometrically, this means tensoring V by a suitable power of a line bundle. 

Our first example concerns the group C = K c . 

Proposition 2.4. For every g £ G, the complex derivative d z g £ GL(Z ) at z £ D belongs to K c , 
giving a holomorphic cocycle 

G x D —>• K c , fo, z) <—> d z g. 


Proof. In view of (12.211 . the identity [TZ1 

d^U,V Qz - Qb u , v Z 


shows that B U}V £ K c whenever (u,v) is quasi-invertible. Since t x (0) = 0 and B x ( x is linear, we have 
g x { 0) = U(0) = x. Since 



d z i x — B z _ x 


it follows that 

9 z g x = Bl /2 B^t x 

(2.14) 

belongs to I\ c for all z,x £ D. 

In particular, 



dog x = B llx- 

(2.15) 


Since d z k = k for all k £ K , the first assertion follows. The chain rule implies the cocycle identity 
dz(gi 92 ) = (,dg 2 Z g 1 )(d z g 2 ) for all g u g 2 £ G and z £ D. □ 















HOMOGENEOUS VECTOR BUNDLES AND INTERTWINING OPERATORS FOR SYMMETRIC DOMAINS 7 

In order to find irreducible holomorphic representations of K c , consider the algebra VZ of all holo- 
morphic polynomials <f> : Z —> C, with the holomorphic action 7 r defined by 

:=0(K) v/i€ K c . 

By [T4i [\j] there is a multiplicity-free Peter-Weyl decomposition 

TZ = ^T X Z 

A 

into irreducible K c -submodules V\Z, which are pairwise inequivalent. Here A runs over all integer 
partitions 

Ai > • • • > A r > 0 

of length < r. Using the Fischer-Fock inner product 

{4>W)f ■= J ^e _( “ l “ ) ^(o >)il>(u>), 

z 

it follows that there is an expansion 

e (CM =E^ VC,w e 2 , 

A 

where 

^ = E^(C)^R (2.16) 

m 

is the reproducing kernel of V\Z, and <f>™ is any orthonormal basis of V\Z. 

Definition 2.5. For a fixed partition A, the little Hilbert space V\Z) consists of all holo¬ 
morphic maps V\Z which are square-integrable under the inner product 

W) “ J dn(x) A xx o B XiX ) f . (2.17) 

D 

Here the parameter v is sufficiently large to ensure that Hf;(D,V\Z) contains all polynomial maps in 
the variable z. 

Proposition 2.6. For a holomorphic map $ : D —> V\Z we put 

GT a *)*(C) = V(g,z) eGx D. 

Then 

tS'”* *)z(C) = det {d x g) v l* (<T a *)*(C) = det (d z g)^ $ aM (d z g)C ) ( 2 - 18 ) 

defines a unitary (projective) representation of G on V\Z). 

Proof. Since B XjX £ K c is self-adjoint, we have 

if) ° (d 0 g x )\fi> o (d Q g x )) F = (fio = (<^ o B X , X ) F 

for (f>,ip € V\Z. Now the assertion follows as a special case of Proposition (12.31) . □ 

The representation (12.181) is irreducible and belongs to the holomorphic discrete series of G if 
v is sufficiently large. For the ’empty’ partition A = 0 we may identify VoZ = C with the constant 
functions. Thus we obtain the usual scalar-valued weighted Bergman space H%(D, C). 

Example 2.7. For the unit disk D and A £ N, H({T>,V\C) consists of holomorphic maps 

z ^ p z {() = ( x p(z) 

on D, with the G- action 

(<r“" pM 0 = (d z gr /2 p(gzW z g)0 x = {d z g) x+v/2 P (gz)C x = {cz ^ )2X+] 


vig{z))- 
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It follows that 


Gr“"p)(*) 


p{g(z)) 

(cz + d) 2A +" ' 


Our main construction involves the group C = K c P+. 

Proposition 2.8. The translations z >—> t z define a holomorphic map D —> G c , and 

[g]z ■= tg^g^z = {d z g)t- g -i(o) z 
is a holomorphic cocycle with values in K c P + . 


(2.19) 


Proof. The cocycle identity 

\9l]gaz Mz = t gi ( 92Z ) gi tg 2 z t g 2Z 52 tz = t( gi S2 )( z ) 5l 52 t 2 = [5l 52]z 

follows from the definition. For k £ K we have [k] z = t kx kt z = k. For the proof of (12.191) note that for 
the transvections (12.91) we have, in view of (12.61) . (12.81) and (12.141) . 

\dx]z = t g x ( z ) 9lx tz = tg x (z) tx B^x 0 t z = t g^_ x B l( x t x t z = t s i/2^_ x j B^l tx t z 
= B l[x t”-x tx tz = i~-x tz— B~^_ x i x -z = Bl[ x B~\ x t x -z = (d z g x )t x -z. 

This shows 

\9 x \z = (d z g x )t x -z. 

In particular 

l9 x ]o = B 1 x /*t x . ( 2 . 20 ) 

For the general case, write g = g x k, where x = g{ 0) and k £ K. Then the cocycle identity implies 

\g\z = [9 X k]z = [9x\kz [k]z = [s^lfcz k = {dk z g x ) t*- fes! k 
= 9z{g x k) k~ x i x -kz k = (d z g)t k ~i (x -kz ) = (d z g)\ k -i x) -z 

with fc -1 x = — k~ l 5^ 1 (0) = —{g x k)~ 1 (0 ) = — 5 -1 (0). □ 


An irreducible representation of G c , in fact of K C P + , is obtained as follows. For fixed n £ N the 
polynomials 


A” W (C) := A 


n 


where u> £ Z is arbitrary, span a finite-dimensional subspace V n Z C VZ. There exists a holomorphic 
representation 7r n of G c on V n Z defined by 


(7 ^0X0 = det(d C 7) ” /p 0(7(0) 


( 2 . 21 ) 


for all 7 £ G c ,( £ Z and </> £ V n Z. In analogy to the group SL( 2, C), we call this the spin represen¬ 
tation of level n. Now consider the multi-variable Pochhammer symbol [8] 

m* := n ( u ~ \ o- i ))a j - 

t=i 

and the Faraut-Koranyi formula j8l 

( 2 . 22 ) 

A 

Since (— n)\ vanishes whenever Ai > n we obtain the Peter-Weyl decomposition 


V n Z = B\Z 

A <n 


(2.23) 


labelled by the ( n+r ) partitions A of length < r with largest part Ai < n. The general AT-invariant inner 
product on V n Z is therefore given by 

(01O) = E &a( 0 a|Oa)f 

A <n 
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for arbitrary constants b\ > 0. Here we write 

^ = E (2.24) 

A <n 

where (j>\ G V\Z is the Peter-Weyl component. Every h G K c acts via a diagonal operator. For 
b\ = 1 we obtain the Fock inner product on V n Z C VZ. On the other hand, the inner product on V n Z , 
determined by 

(A” C [A™ u ) v = Al_ u V(,ueZ, 

is even invariant under the compact form U of G c , consisting of all biholomorphic isometries of Z. This 
inner product is obtained by putting 

r r 

bx = (—1)I A I {—n)\ = H(-l | (? - 1 ))a, = ![("- + I U - !) + l)A r 

j'=i i=i 

Note that n — \j > 0 by assumption. In fact, by (12.221) we have 

A -C = E(-")A f -C = E(- 1 )' A '(- n )A f C- 

A<n A<n 

Using orthogonality this implies 

^(-^'A'Ma^ = Al_ u = (AD C |A lju = E E (—^)a(— 1) |M| (-»)„ (£* |££)w 

A<n A<n /x<n 

= E(-) 2 a ( f c = E (£ c a i ^) F = E b ^- n )l £ L 

A <n A<n A<n 

showing that b\(—n)\ = (—1)I A L 

Definition 2.9. Let (</>| , 0) 6e any K-invariant inner product on V n Z. The big Hilbert space iL^(D, V n Z) 
consists of all holomorphic maps D 3 z t—> 4> 2 (C) G which are square-integrable under the inner 

product 

($|T)= J dp(x)A^ x (Al- x * x {BlgC x )\*l-MBU2C x ))- 

D 

Here the parameter v is sufficiently large to ensure that Hf(D,V n Z) contains all polynomial maps in 
the variable z. 


Proposition 2.10. For holomorphic maps $:£>—>• V n Z we put 

(g^ 13 $) S (C) : = [5]^ 1$ g( 2 )(C) = det(dz+cg)~ n/p ®g(z){g(z + 0 - g(z)) V (g, z) G G x D. 


Then 

{g- Pv *)*(0 := det {d z gt +n ^P (g~^) z ( C) = det(d z g)^ +n ^ det (d z+c g)~ n ^ $ g{z) (g( z + 0 ~ <?(*)) 


(2.25) 


defines a (projective) unitary representation of G on H( / (D 1 'P n Z). 


Proof. By definition we have 

[sWO = i ~g{z)9 i z( C) =i g( z) 9( z + 0 =9(z + ()-g(z) 

and therefore 

d([g] z = d z+c g 

for all g G G, z G D and (eZ. It follows that 

([flE'/’XO = det(a c [sr] z )“ n/p <f([g] z ( 0) = det (d z+i g)~ n/p <j>(g{z + C) - g{z))- 

for any (f G V n Z. Since \g x \ 0 = Bl(' x l x by (12.201) it follows that dc,[g x ] o = Bl/2(dctx) = Bl( x Bff x and 
we obtain 

(toxlo V)(C) = ( det Bl'* B- 1 _ x y n/p 4>{Bl%{Q) = KT *l- a iKB 1 J*C x )- 
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Now the assertion follows as a special case of Proposition (12.31) . □ 

Example 2.11. The unit disk D C C has genus p = 2 and H%( D,7 ? "C) consists of holomorphic maps 

DxC AC, (*,C)->$,(C) 

such that $ 2 (C) is a polynomial of degree < n in (. The action of g = 


a b 
c d 


G G = SU{ 1,1) is 


{g~ Pv *),(C) = {d z gt +n)/2 o d z+c g )- n/2 (g(z + C) - <?(M 


( c (~ + C) + ^) T 

(cz + dy+ n 


$ 


g(z 


( 


c 


{c(z + c) + d)(cz + d)J 


Since <f> a ( z ) is a polynomial of degree < n, this action yields again polynomials in C of degree < n. 


Our first result concerning the cocycle (12.191) generalizes the canonical realization in terms of certain 
’shift operators’ in the 1-dimensional case [TO]. We first define shift operators in our multi-dimensional 
setting. The Peter-Weyl decomposition (12.231) implies that any operator T on V n Z is described by an 
operator matrix Ty : V\Z —»• V^Z, indexed by partitions A ,fi<n, via 

{T(j>)n = ^ T* <t>\ V/i<n. 

A <n 

Using the partial ordering of partitions under the inclusion relation, we call the matrix (T*) lower- 
triangular if the non-zero entries Tjf occur only for A C p. The matrix will be called a shift if the 
only nonzero entries are of the form TjA e . for some 1 < i < r, where ei is the i-th unit vector and A + Ci 
is still a partition. By |15] these shift operators occur naturally in our setting: For fixed w G Z, the 

multiplication operator 

0(0 ^ (CM 0(0 

and the Jordan differentiation operator 

0(C) ^ (d<Z<l>)Qc w 

are shift operators of this kind. Thus there exist linear operators M^(w),D^(w) from V\Z to V\+ ei Z, 
depending anti-lincarly on w £ Z such that for all 0 G V\ Z we have 

r 

(CM 0(0 = 0)(C), 

2=1 


(<9 c 0)Q c u; = ^2( D i( w ) 0)(O- 


Theorem 2.12. For g G G the cocycle (12.191) has a factorization 

[g]z = {d z g)B 1 J i g_ i(o) expS'( S (- 1 (0))S“^ 2 i (o) 

1 /2 

where d z g and B z ' w are diagonal operators, and S(w) is the ’shift' operator matrix with non-zero entries 

S{w)x +ei =nM?(w) - D$(w). 


_ 2_/2 _ _ l / 2 “ _ l /2 

Proof. Since w~ z = B w f z w, we have t w -z = t B -^n w = B z '_ w i w B z _f w , using (1271) . Putting w = 
—g~ 1 { 0), we obtain with (12.191) the identity 

[g]z = {dz9) -B z fg-1( 0 ) t-S--l(O) B z j_npy 

By [12] the Lie algebra g c of G c consists of certain polynomial maps 7 : Z —> Z of degree < 2. Using 
the quadratic representation H2l we have 

iw = exp (Q^w) V w G Z. 
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For the action (12.21 II . this implies 

C* = exp((Qc u; r")> 

where n n denotes the infinitesimal action of the Lie algebra g c . Thus it suffices to compute (Q(w) nn . 
Differentiating (12.2111 yields 

Ti 

7^(0 = (drfhiO - - tr(da) <t>( 0- 

Since tr{d^ Q^w) = 2 tr = p((\w) we obtain 

(( Qc w ) Wn 4>)(0 = {dc<P)Qc w ~ n (CM <M0- 

For (f> G V\Z it follows that 

r 


with (Dt(w) — nMf[w))<j) G V\+ ti Z. 


□ 


3. Intertwining operators 


For a deeper study of the ’big’ Hilbert space, e.g. the classification of covariant reproducing kernels, 
we need its decomposition into the ( ,l+r ) inequivalent isotypic components under the representation 
(12.251) . For each partition A < n, we will describe the associated components via intertwining oper¬ 
ators which are unique up to a constant multiple. Related problems are also studied in |13] under the 
aspect of decomposition of tensor products of G-representations. We will describe these intertwiners 
both in terms of integral and differential operators. 

Theorem 3.1. For each partition A < n an intertwining operator T\ : F[ 2 (D,V\Z) — > F[ 2 (D,V n Z) is 
given by 

r [\n 

(I A d>MC) = J dp{x) **( B *.*((* + - **))■ ( 3 - 1 ) 

D 


Proof. Since X\ is A'-invariant, it suffices to consider the transvections g y with y G D. For z,x G D we 
have 

= By/yZ v+B v / ’y x ~ v = B\^{z y ) B V>~ v = {B,y 2 z y ) B yT B \ l >~ v = {B 1 ^ z y )^ x ~ v \ 
Applying the ’addition formula’ [T2] 

(u + vy=u* + B^ x (v^ ) ) 

1 /2 

tou = —y and v = B y ' y z v it follows that 

B~X x BliyZ 9y{x) = = (( B l(v zV ~ vT ~ (~v) x = (9-y( z )T - (- y) x • 

As a consequence we obtain 

9-y(z + tr - 9_y{z)* = By^_ x By'y{{z + - z°vW). 


On the ’big’ Hilbert space the action is 

A ’'/ 2 A 


(ffS^)z(O = 


V’V ^z+C,y 

. v+n 


^g-y(z)(9-y(z + C) - 9- y (z))- 


Therefore 


A 1 '/ 2 A n 

(9^UC)= v ’ v Z+Cy 


. v+n 


{^X^)g_(z){g-y{z + C) - 9-y{z)) 


a"/ 2 A“ r A v A n , 

V,V Z+Cv / dg(x) a,J A a (** ° B x , x )(gJz + C) x - g- v (z) x ) 


Kty n 


D 


A^ +n , , 

9-y{Z),X 













12 


GADADHAR MISRA AND HARALD UPMEIER 


A, 1 '/ 2 /\n r A" A n , 

V ’ V 2+Cl9 fdn{x) X ’ X A ^r ^ (** ° B XtX B^_ x Bl(Z){{z + C) 9 " (x) - ^ (x) )- 


A ^+n 

^z,y 


D 


A" + ", , 

9-y[z), X 


On the ’little’ Hilbert space the action is 




*,y 


Equivalently, 


- 1/2 


(9y U ®)g y (x) — v /2 ® x °Bx,-yByy 


Since /i is G-invariant it follows that 


r A ^ A" 

(I A <^),(C) = / dp(x') x ' >x ' + z *’ x ' («^)x' o Sx',x')((^ + C) x ' - 2 X ') 


D 


A i/+n 

^z^x' 


= [ Mx) 9y{x),9 £l z+c ’ 9vix) ((C*W») ° B 9yMx) )((z + 0 9 » (x) - w x) ) 

J D ^z,g y {x) 

/* A" A n 

= /<w*) 8 , ' ,) ' 8 W2 .T + l °s„-„s y ;; / 2 s»,w,»,(.))((^+o»* w - 

A w.?/ A z,g y (z) 


D 


Thus, in order to verify the intertwining property, we must show that the terms involving the quasi¬ 
determinant and the terms involving the Bergman operators match. As a consequence of (El we 
have 


As special cases we obtain 


^■9 y (u),9y O) — ^V,V^u,-yAu,vA y ^_ v . 


^ 9 y( X ), 9 y( X ) — ^:!/4 r ^I,lA Sr J, 


^■z,9y(x) — ^■y^y^ L g_ y (z)-y^9-y{.z),x^-y,-x ~ ^z,yAg_ y (z),xA y _ x , 

^+C ,9y(x) = \,y^g_ y ( z+ Q- y ^g_ y (z+t:),x^y-x = A z +C,y _ „ 0+0 ,x^y,-x • 

It follows that 

Av/ 2 A - v -u A n A v A -^-n A « = A" 18 / 2 A 1 ' , , , , A 1 " A"*' - ™ A” , 

*+C>?/ *,* g- y (z),x g_„(z+C)iZ y.y 9y( x ),9 y ( x ) X ~V Z,g y (x) z+Q,g y (x) 

As a consequence of (1231) we have 


and hence B xx B y _ x B y ^ y — B Xj — y By t y ^g B (x),g y (x)- 


Bg y (.u),g y (v) By(y B u ,_yB u , V B y _ v Bj y 
1-1/2] 


□ 


We will now show that the intertwiners I\ can also be expressed in terms of differential operators, 
which for the unit ball in C d can be made very explicit. The following theorem is a far-reaching 
generalization of the ’jet construction’ for the unit disk [ID] . 

Theorem 3.2. For each ip £ V\Z and ( £ Z the function 

FAM := J dAx)A^ x e^ Al x AB x ,xC) 

D 

is a (conjugate) polynomial in w £ Z, and the associated constant coefficient holomorphic differential 
operator, in the variable z, is the intertwining operator 

(lx(f®^)UO = (FA{,d)f)(z). 

Here we write d> £ H%(D,V\Z) as a (finite sum) of terms ^((j) = f(z)ip(Q, where f £ O(D) and 
ip € V\Z. 
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Proof. The Lie algebra g = aut(D) of G consists of all completely integrable holomorphic vector fields 
7 : D Z, realized as holomorphic differential operators 

(7 °f)(z) :=(0 z /) 7 (*) 


on holomorphic functions / : D —> C. Then the commutation relation 



^ d v-v d O d 


holds. For 7 £ g c consider the infinitesimal actions associated with (12.181) and (12.251) . resp. The 
intertwining property 

7^ l x = lx 7“" 

is valid on the dense subspace of smooth vectors in H^(D,VxZ). On the ’little’ Hilbert space the 
infinitesimal action, as a function of (;z,£), has the form 

= - tr{d z 7 ) • $ + ( 7 ( 2 )) a $ + ((0 z7 )C) 4 $- 
V 

Here () 9 denotes differentiation in the z-variable and O' 5 denotes differentiation in the ((-variable. On 
the ’big’ Hilbert space the infinitesimal action, as a function of (z, £), has the form 

- 7 ^$ = tr (d z j) - ^ tr(d z+ ^ 7 ) • d> + ( 7 (^)) a W + (7 (z + () - 7 (^))' 5 ( E > - 

There is a Cartan decomposition g = 4 © p, where £ is the Lie algebra of all Jordan triple derivations 
(identified as linear vector fields) and p consists of all infinitesimal transvections 

v = (v - Q z v) a 


for v £ Z. We have d z v = —2 z\3v* and hence 


tr( d z v) = — 2tr(zUv*) = —p(z\v). 

It follows that 

v = v(z\v) + (Q z v) a - v d + 2{zv*(} s 
on the little Hilbert space. Since 

v z +c - v z = Q z v - Q Z +(V = —2{zv*(} - Q^v 

we obtain similarly 

fA = u(z\v) - n((\v) + ( Q z v) d - v d + 2{zv*Q s + {Qqv) s 

for the big Hilbert space. Here (z\v) and (£|u) denote the multiplication operators by {z\v) and (C|u), 
resp. In both cases the infinitesimal action has the same C-linear part, namely —v a . It follows that 

v a lx(f 0 ip) = ((v a f) <g) ip) 


for all / € VZ and all v £ Z. Thus 

(lx(f®ip)U() = (F4,({,d)f)(z) 

is a constant coefficient holomorphic differential operator in the ^-variable. Its symbol F)/,(^,uj), as a 
(conjugate) polynomial in w £ Z, is determined by the property 

/ Ay A” 

dn(x) X ’ X *y C ’ X e(X ' W) ^(B x , x ((z+O x -z x ))- 

Z±z,x 


D 


Putting 2 = 0 we obtain 


^(M = J dn{x) A" x e<*W A(' r[B. r ..rC)- 


D 


□ 
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We will now specialize to the rank 1 case of the unit ball D in Z = C d . Define 

d 


C 3 = m := E(CkK°, 


where Ui is any orthonormal basis of Z. 

Theorem 3.3. For the unit ball D and each 0 < A < n the operator 


n—X 


a = E { ~ ir 


(2A + is)k \ k 


- A\ , 


a\fc _ (A^n)fc {(\d) h _ ^ Ia - n/k pk , r 

m-n/p. h\ 2^ ot , .A 6 WCM 


(A - n)* 


fc =0 V \ / fe=Q 

is an intertwiner Hf(D,V x Z) —¥ H^(D,V n Z). 


(2A + v)k k\ j“ (2A + v)k 


Proof. Consider the probability measure 

dfi v {x) = c v (1 — (x\x)) l '~ d ~ 1 dx 
on D , for parameter v > d = p — 1. Then 

J dii v+x {w) e Mb) (C\w) k+e {w\a) e = j dy v+x (w) {(\w) k+e (w\a) e 


D 


D 


(y + A )k+t 


0 -|^) 


k\ J f 


(k + l)e 




{k + 1) ‘ (CI«)W. 


f (y + A )k+i 


(u + A )k+e 

The Jordan triple product on Z = C d is given by 

2{mi*u;} = (u\v)w + (w\v)u. 

Realizing C d = C lxd via row vectors, the Bergman operator is B w>w £ = (1 — ww*)f( 1 — w*w) = 
(1 — (u>|u>))(C — (£|m;) , u>). The quasi-inverse is 

c 


It follows that 


1 - (CM 

1 — (w;|u>) 


p /-w _ 


(C- iC\w)w). 


1 - (Cl w) 

Now let ip be a A-homogeneous polynomial. Then 

A I w tP(b w , w C) = (i-(CM) W ( ( *~ V>(C- (CMM = (i-(w\u’)) x (l-(Ck)r-V(C-(CI^H 


n—X 


= £(-i>* 


k= 0 


-A 


(CM fe (i - M w )) x i>(( - (CMM 


Therefore we have, for some (known) constant c' involving the different normalization for v and v + A, 

n—X t 

dp v+ \{w) e ( ™ |b) ((\w) k V>(C - (CMM 


c' J dp„(w) M' b > A£ w ip{B WtW ( w ) = £ (-!)" (" k A ) / 

D k ~° D 


2 — X 


= c E 


(-l) fc (n- A 


/c—0 


(2A + iy)k \ k 


m k m, 


where c = 2 \+v-i * s independent of k , and the last step follows from the calculation 


D 


dp v+x (w) (C M fc (C - ((\w)w\a) x = ^(-i/Q) (C|a) A - £ J dp„ +x {w) e W b ) ((\w) k+e (w\a) e 

t=o D 
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£=0 

based on the formula 


= E(-!/ 0) (CI«) A -'T^T^(C|a) f (C|6) fc = c (CI«) A (C|b) fc 

W (v + \) k+t (2A + u) fc 


1)^r(a + £) B(X + b — a,a) 

£—0 


T(b + £) r(6 — a) ' 

On the other hand 

me {zW m = (ci u *) u f e(z|b) V’(c) = (cMw^e^vKo = me^ b) m 

and therefore (C|<9) fc ip(C) = (Cl^) fc e*-d b ) ip{Cf). 


□ 


It would be of interest to obtain explicit formulas for the intertwining differential operators, e.g. in 
the case of the Lie balls of rank 2. 


4. Reproducing kernels 


We now consider the vector-valued Bergman spaces Hf;(D, V), which also depend on the scalar pa¬ 
rameter u, and their reproducing matrix kernel functions, denoted by KP Z w . The following two properties 
were already mentioned in Section 1. 

Lemma 4.1. In general, we have the covariance property 

S'*” ££=det (d w gf P JC^dgYJ- 1 
for the reproducing kernel of 1C 1 ' of Hf(D,V). 

Proof. Let $ £ Hf(D, V) and ip € V. Then 

($1 g a " i’) = (tT^I= ((9~ a,/ ®)w\ip)v = (det(d u ,g) I ' /p [5]“ 1 $ fllu |V0v 

= detg'{w) v/p {^ gw \{[g}* w )- 1 y) v = det(d w g)'' ,P (^Ki v gw {[g)* w )- l il)). 

□ 


Corollary 4.2. 


K, w = det (d z gy/r det(d w9 y/p [g)~ z l ([ff]*)- 1 . 

Proof. Since g av is unitary, it follows that 


(4.1) 


K, w = (ICzYK = (g a »ic:ng a ic» w ) = det {d z9 r» (IC gz ([g]* z )~ b )*det(d w g) " K v gw {[g]* w )~ 

= det(d z g) v/v det(d w gy/p [g]” 1 {K v gz )*JC v gw = det(d z g) v/p det(d w gy/p [g]” 1 K- V gz<gw {[g]l,)~K 


□ 


As a consequence we obtain 

Lemma 4.3. 

x,x = ^x,x l9x\olC Q O [gY\ 0 . 

Proof. Apply (14.11) to g = g x and z = w = 0. 


We may write 

IfU _ \-V STV 

f ^Z,W ^ Z,W Z,wl 

where Jf w is obtained by polarizing 

JZ,x = \9xW,Ml- 

In general this is not a positive definite kernel. 


(4.2) 
□ 

(4.3) 
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For the ’little’ Hilbert space Hf(D,V\Z) 7 the reproducing kernel is essentially unique, and can be 
expressed in closed form: 

Proposition 4.4. For each partition A the reproducing kernel /C^; A : V\Z -A H%(D,P\Z) is (after 
normalization) given by 

(/QVMC) = A"" C) = (J z x w m) G (4.4) 

Here 

(jym) = o 

is independent of u. 

Proof. The general covariance formula (HD yields 

= A ^ x (dog x )(dog x r. 

Now the assertion follows with (12.1511 . □ 

Proposition 4.5. On reproducing kernel functions the intertwiner has the value 

A n 

( mic^)uo = -A±g^((*+cr -* w ) 

L±z,w 

for all if £ V\Z. 


Proof. The reproducing property of (14.41) yields 

= («V) = / d^x)A^ x (^ x \(K:^q) x 


M x ) ($* 9 ° B x% B x,x) . 

^x.w ^ 7 J 


D 


D 


for all 4> £ H^(D,V\Z). Now consider the holomorphic map 


Then 


D 9 i G A x ” " A XjZ+( * f (z+ ^)x_ z x £ Pa-Z- 


r A" A n 

(X x (JC^iP)U() = / d0(z) * +C ’* ((ZC^V’)x o B XtX )((z + cr - z x ) 


A' 


D 


/ AU An 

d P{ X ) /j+n ° B A Bx ^ Z + 0 X ~ Z X ) 

L±Z,X la x ,w 
D 


= J dp{x) 

D 


\y+n Av 
^z,x aa xw 

a v An 

^2 + C^ / y\ 

A v+n A IP \~'(z+O x -z x 

^Z,x ^x,W 


V 7 ° B x ,vjBx,x \ . 
’ / 1 


[ d V( X )l^r L (®x' t l JoB x?w B x,x) „ = {®w\' i P)f 
J ^x,w v 7 b 


D 

An An 

= K + o^ Mf = wz+o w n 

AAZ,W £Az,W 

using the reproducing property of £ x with respect to the Fischer-Fock inner product. 

We may describe /C Z ,A in terms of its integral kernel 

c , w ) : = ( f c A i ic: : x w £ x )f = (Vitim = a-^b^o = a-^£\b-^, U ) 

with respect to Gauss measure. Using an orthonormal basis 

^“(c ) = Ep a,i W9“ ,i (0 


□ 


(4.5) 
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of H%(D,V\Z) we have JCf’* = ^ 4>“(4>“)* £ End{V\Z ) and hence 

a 

^(c,w) = E $ “(c)^R- ( 4 - 6 ) 

O' 

For the ’big’ Hilbert spaces H^(D,P n Z) the G-action is not irreducible and covariant kernel functions 
are not unique. All possible G-covariant kernel functions are obtained as follows: Choose a tuple 

C = 

of constants c\ > 0. Then there exists a unique AT-invariant inner product on V n Z =: VffZ such that 
the resulting Hilbert space H%(D,V™Z) has the orthonormal basis {1/ c x l\$ a }, using the intertwiners 
1\ and the orthonormal basis m - The reproducing kernel KL V Z \ V £ End(V™Z) is determined by 

K%M) ■= E ca ^(XAd>“) 4 C)(iA^UM. (4.7) 

A ot 

Lemma 4.6. Every K-invariant sesqui-polynomial F on Z x Z has the form 

u 

over partitions //., for suitable constants a M . 


Proof. In terms of orthonomal bases <f>™ of V^Z we may write 

m,k 

Since F is AT-invariant, the operator 

p # :=EE a ^r(^)* 

m,k 

acting on VZ commutes with the action of K. Since this action is multiplicity-free it follows that F * 
is a block-diagonal operator. This implies = 0 whenever /i / k. Moreover, on each irreducible 
subspace V^Z, the operator F^ acts as a multiple of the identity. Therefore is independent 

of m and k. □ 


Theorem 4.7. The integral kernel /Cq’q has the form 

^o:S(C,w) = c x a»£"(C,u;), 

A <n A</x<n 

where 

A ( v ) = (^(2 / ))a<m ( 4 -8) 

is a lower triangular matrix of functions which are continuous in the parameter v. Moreover, a* = 1. 


Proof. For any v £ Z the element t w = exp (Q^w) £ G c acts on V n Z via 

CU.m) = det(9 c t_ u ,)” n/p V’(t-™(0) = (det = Al w ^C). 

This implies 

Mm = E E to wmof. (4.9) 

fi<n m 

On the other hand, we have for every 7 £ g c 

/(exp(- 7 )(C))=^((7 5 ) fc /)(C) 

fc >0 

for any holomorphic function /(C)- Here (' y s ) k are the differential operator powers of the vector field 
7(C)' 5 . Now let if £ V\Z. For 7(C) = Qqvj it follows from Rl that the polynomial (Q^w) s ip has only 
components of type A + e* for some 1 < i < r. It follows that for each fixed k > 0 the polynomial 
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{{{Q( w Y) k V 7 )(0 lias only components of type /i > A. The same is true after multiplying with the 
^-polynomial A™ w . Since the whole series 

A lw 4>(( w ) = A c,w J^(((Qc w ) s ) k V0(C) 

k>0 

belongs to V n Z we can sharpen (|4.9[) to 

(wxo = E Ec(owm)^ 

\<!i<n m 

whenever if € 'Pa-Z- Setting z = 0 in ED we obtain 

IaW)o( 0 = [dn(x)Al x Al x f(x)*p(B x , x O= E Eff(C)/^WAx, I /W(^|t I (^, I )) f . 

X<fi<n m £ 

Specializing ED to 2 = w = 0 we obtain 

£$(C,w) 


A ck 


= E C *E E EC(C)^M / / dMy)A£ w (y$£oB„J|^) F 

A o: A</x,«:<n m,/e 


D 


D 


where 


= E c * E E<«W(o^m, 

A A</^,/t<n m,fc 

<«M = E / f d^y)Al y (i y (<S>;oB v , y )\^) F 


D 


D 


is continuous in ia Since the sesqui-polynomial /Cq’q is Abinva riant, Lemma (14.61) implies that the non¬ 
zero terms occur only for y = k and is independent of m and /e. □ 

For the unit ball in C rf , we can describe K, q q explicitly. 

Theorem 4.8. For the unit ball in C d , the general G-covariant kernel has the form 

n t 

Eo (c,w) = E(cm / E^>)^> 

^=0 A=0 

where c\ > 0 are arbitrary constants, and (n x ) is a lower triangular matrix with universal coefficients 


(u) = ( ( A - n ) f —M 2 y 

1 Mi/ + 2AV_a/ ^ 


. (v + 2A)^_a 


p+g=£-A 


v + A — 1\ / A 


Proof. The explicit form I\ = l l k C> obtained in Theorem (14.21) yields 

k 


£*;»(C, “0 = E E ^ E(^(C> 5)4>“) z (^(o;, 

A ex 

For p £VZ and q £ V\Z we have 

£fc(C,<9)A(2)<7(C)U=o = Afc(CMC), 

where pfc £VkZ is the £;-th component of p. Using the decomposition (14.51) it follows that 


^ 0,0 (c,^) = J2 cx J2dkVhJ2 p k’ l ^d a ' l ^Ph’ J (u)d a ’ j ( u} ) = E CA E^fc^ /c fc.4 o), ( 4 - 10 ) 

A k,h ot,i,j A k,h 

where /C^(C,w) denotes the component of degree k in z and degree h in w, resp. Since 

B-K = = (i + (.-H)«+(CHO = (1+AAA) (<+Aftlir) = -r^r- (c+T^ft) 

’ V 1 — (z\w)y \ ± — {z\w)/ 1 — (z\w) \ l — (z\w)/ 
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it follows from (14.41) that 

£&(O) = (1 - {z\w))~ v i(s-ic|o;) A = (l - 1((CM + KM ( * |w) \ A 


1 — (^|w) 


= ^ E 0 (CMMCM 9 (~~M 9 (i - (*M) 

• q—0 


—v—X—q 


u+A+g+p-l 

P 


(a|w) p . 


<7=0 x '“ t/ p>0 

Choosing the components of degree k in z and degree h in w we obtain non-zero terms for k = h and 

k;:£«mIo,o = E ^ +A + fc_1VA ' 


p+q—k 


P 


In view of (14.101) this implies 


n n 


-X 


= E c > E^) 2 /c m(c,^) 

A—0 /c—0 

ca / (A - n)fc \ 2 - . , A+fc y-^ /v + A + fc-l^/A 
E A! E V(u + 2A)J ^ ^ E 


A=0 fc=0 


p+q—k 


E«i">‘E( 


i sr (( A _ n )^-^ 


(u + 2 A)^_a 


£=0 A—0 

where in the last step we have put i = A + fc. 


' E 

p+q=^-A 


u + £ — 1\ /A\ c A 


qj A! 


□ 


5. Boundedness of multiplication operators 

We will now apply the structure of reproducing kernels to study boundedness of multiplication 
operators 

(/°*MC) =/(*)<MC) 

for bounded holomorphic functions / € 0(D). The following Lemma is well-known. 

Lemma 5.1. LeVH be a Hilbert space consisting of holomorphic maps on some domain D C C d taking 
values in V = C k . Assume that it possesses a reproducing kernel 1C. Then the multiplication by the 
coordinate functions is bounded on H if and only if there exists a real number b such that 

C z , w ■= ( b 2 - (z\w))JC ZtW Vz,w G D 

is positive (semi-definite) on D, with values in End(V). 

Proof. A dense subset of TL is obtained by taking finite sums 

d> = e^/, 

h 

of kernel vectors, with Zh G D and ifh € V. The eigenvalue equation 

r i ic Z 'ip = z i tc z ip 

d 

implies that T := z°z° satisfies 
2=1 

d d 

($|T$) = ^^2(z°lC Zh ip h \z°IC Zk ^ k ) = J^^Z^k^zhi’hl^z^k) = ^2{z h \z k )(i>h\IC Zh , Zk ifk) 

2=1 h,k 2=1 h,k h,k 
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and, similarly, 

($|(& 2 - T)d>) = ^(6 2 - {z h \z k )){KMKM = 

h,k h,k 

This proves that the boundedness of the multiplication by the coordinate functions implies positivity 
of the kernel C. The proof in the other direction follows exactly as in [5] Section 3.2] □ 


As an application we consider the classical case of the Hilbert space H v of holomorphic functions on 
the unit ball D = C C d , with reproducing kernel A~ v w = (1 — {z\w))~ v , for v > 0. The Bergman 
space corresponds to v = d+ 1. The binomial expansion shows that A 7 5), is a positive definite kernel on 
Brf for all v > 0. The monomials form an orthogonal basis in the Hilbert space H%(D, C) determined 
by this positive definite kernel and for the norm we have 


-l 


= (-l) |J| 


— V 

\I\ 


\I\ 




i 'I'd 


where I = (*i, ...,id) and |J| = ii + ■ ■ ■ + id- The multiplication by the coordinate functions z° ,..., z° A 
on .ff 2 (D, C) are bounded. For v > d, the inner product of iL 2 (D, C) is induced by a measure supported 
on the closed unit ball (if v = d, the support is the boundary of the ball). In this case, the boundedness 

is evident. In general, the boundedness is established by showing that the operator z^z^ -1- z^z^ is 

the diagonal operator Id, where Id is the identity operator on the monomials of degree |/|. Clearly, 
this diagonal operator on U 2 (H,C) is bounded for all v > 0. However, a different argument using 
the above Lemma will be useful in the more general context. Thus to prove that the multiplication 
operators z °,..., z% are bounded on H%(D, C), it is enough to show that ( b 2 — (z\w))A7^ is a positive 
kernel for some kR. Now we have 




^ {k - 

k=0 v 


Therefore, if v > 1, choosing 6=1 will ensure the positivity of (6 2 — (z|w))A_ v w . On the other hand, 
for 0 < v < 1, choosing 6 = ^ will do. 


In the general setting, let n be an irreducible holomorphic representation of I\ c , with highest weight 
Ao- The Wallach set W n , consisting of all parameters v > 0 such that the corresponding (scalar or 
matrix valued) kernel K u z w is positive, is a union of an open half-line {y : v > (continuous part) 
and a finite subset of [0, v^\ (discrete part) [H]. For the scalar-valued Bergman spaces, corresponding 
to the trivial representation, the Faraut-Koranyi formula (12.221) implies 

Wo = { i ^ : 0 < i < r — 1}U{^: u > ^(r — 1)}. 

Thus the cut-off point in the scalar case is 

= |(r- 1). 

In particular, v o = 0 for the unit ball. Now consider the kernel functions associated with a partition 
A. Let W\ denote the corresponding Wallach set, with cutoff parameter v\. The empty partition A = 0 
corresponds to the scalar case. By [5] Theorem 2.1] the representation V\Z has the highest weight 


Ao — — ^ Ai7i 

i =i 

with respect to the Harish-Chandra strongly orthogonal roots 71 < ... < 7 r . Consider the character 


on f c , normalized by 


AHitDv*) = -(u|u) = -tr(uOv*) 

2 p 


Ai H yi = 2Ai(e*De*) = (e»|ej) = 1 VI < i < r. 
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Then we have 

( e_1/Al ® 7r)(B"i) = (e vAl B XjX ) B~* = det B# B~* = A ", x 

Since = it follows that the inner product for the little Hilbert spaces (12.171) corresponds 
to the choice of holomorphic representation e~ vKl <g) 7r. By m there exists a cut-off v\ such that the 
continuous part of the Wallach set is given by v > v\. In the special case of the unit disk D, the little 
Hilbert spaces H 2 (D, V\C) are generated by the kernel functions 

(1 - zwy'i 1 - zw)~ 2X = (1 - zw)-'~ 2X 

for 0 < A < n. Thus for the unit disk the continuous part of the Wallach set is determined by u + 2A > 0. 
In general, we have 

Proposition 5.2. Let v > v\-\-~(r—T). Then the multiplication operators z° by the coordinate functions 
are bounded on the Hilbert space H 2 (D,V\Z). 

Proof. Since v = v\ + e + §(r — 1) + e for some e > 0 by assumption, it follows that 

( b 2 - {z\w)){K^ x <5 >) z {0 = ( b 2 - (*M)A-£*(B-iC) = (0 b 2 - (^M)A-“ (r - 1)/2 - e ) 

By the definition of v \, we see that is positive for any e > 0. It is well-known (cf. |T 

Theorem 4.1] and [2] Theorem 1.1]) that the multiplication operators on the weighted Bergman spaces 
H 2 (D, C) are bounded for v > |(r — 1). Hence there exists b for which ( b 2 — (2|w))AJ j ^ r_1 ' ) A“ e j s 
positive. Since the Schur product (point-wise product) of two positive kernels is again positive, the 
proof is complete. □ 

As the main result of this section we give a criterion for boundedness on the ’big’ Hilbert space 
H 2 (D,V™Z), generalizing the argument given in [9] Theorem 4.1]. 

Lemma 5.3. Consider the matrix A(y) = {a x {d}) defined in (14.81) . Then for any choice u, u* > |(r— 1), 
the open set 

:= {c > 0 : A(u*) _1 A(u)c > 0} 

is non-empty. 


Proof. The condition 

d = A( u*) _1 A[y)c > 0 

leads to a finite set of inequalities which can be solved one-by-one since the matrices A(u) are lower- 
triangular. □ 

Theorem 5.4. Let v n := max{v\ : A < n}. Then the multiplication operators z °,..., z% are bounded 
on the Hilbert space H 2 (D,V™ Z) whenever v > v n + |(r — 1) and c € C" . For the unit ball, the 
multiplication operators are bounded for v > v n and every c > 0. 


Proof. By (14.31) and (16.21) . we have 


1d'd,c _ a —i/ 'T u i c 

z,w ^ z,w z,w 


V z,w € U, 


where 


7 V ' C = rW 2 d 

z.w z.w ^u 


tz-l'.c T*» * TDTr n /2 
''“ 0,0 X z n z,w ■ 


Now let v > v n + |(>— 1). Assume that c > 0 and u n < d < v — |(j— 1) satisfy 

d = A(d)~ 1 A(u)c > 0. 


(5.1) 


Then A(u)c = A(d)d and Theorem (14.71) implies ICq’q = /Cqq C . By (15.11) . it follows that ■ 

Since v — v' > |(r — 1), it follows as in the proof of Proposition (15.21) that ( b 2 — {z\w))&." ~ v is positive 
for some constant b. For each partition A < n we have d > v\ by assumption, and hence d belongs to 
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the Wallach set for A, i.e., is positive. Since d > 0 it follows from (1X71) that KT z : lz is also positive. 
Thus 


z , w J:;:=((b 2 -(z\w)) A 


0 b 2 ~ (z\w))JC?° = {b* - (*M) A 

= (V - (z\w))tf- v )A= (V - (z\w 


v -’')A- V 

z.w I z.w 


J ’V,C 
z.w 


))A 


V —V 

z.w 


K\ 


is again realized as the Schur product of two positive kernels. In the general case suppose that 
v > v n + |(r — 1) and c £ C" . Then A[v n )~ l A(v)c > 0. Since A(v) depends continuously on the 
parameter v there exists e > 0 such that v > v n + |(r — 1) + e and d := A(y n + e)~ 1 A(is)c > 0. Putting 
v' := v n +e we have A(y')d = A{y)c and v—v' > |(r— 1). Thus the conditions for the above argument 
hold. In the rank 1-case, suppose that v > v n and c > 0. By continuity, there exists e > 0 such that 
and d := A(y — e)~ 1 A(is)c >0. □ 


6. Irreducibility 

Unlike (12.181) . the representation (12.251) is not irreducible since the ’typical fibre’ V n Z is not irre¬ 
ducible under K. Remarkably, as shown in this section, the ’big’ Hilbert space is still irreducible as 
a Hilbert module, i.e., under the multiplication action by bounded holomorphic functions and their 
adjoints. This result leads to the important problem to classify all irreducible representations of the 
Toeplitz C*-algebra acting on H^(D 1 V n Z), solved for scalar-valued Bergman spaces in [TS11 IB]. 

Let A : TL —> W be an intertwining operator between reproducing kernel Hilbert spaces of holomor¬ 
phic maps D —> V, in the sense that 

f°A = Af° 

for all holomorphic multipliers / on D. Here /° denotes the module (multiplication) action. 

Lemma 6.1. Consider an orthonormal basis <j>i £ V. Then any holomorphic map <1 ' in TL has a repre¬ 
sentation 

i 

where the multiplier is induced by the holomorphic function z <—> ((f>i \<!>-). 

Proof. Write $ as a sum of terms = f(z)<j>, where / £ O(D) and <f> £ V. Then 

= f(z)<t> = ^2,f{z)(j)i[(j)i\4>) = (</>»|$A 

i i i 

□ 


Lemma 6.2. Define A z £ Hom(V ,, V') by A z cf> := {A(j>) z for all <f> £ V, z £ D. Then 

(A$) 2 = A z $ z . 


Proof. The intertwining property implies 

a* = A^m 0 ^ = 

i i 

and hence 

(A<S>) Z = = A z (Y,(<l>i\$z)<t>i) = A z $ z . 

i i i 

□ 


Proposition 6.3. Any intertwining operator A satisfies 


A*K,' W = K W A 


* 

W 


for all w £ D and the respective kernel functions. 
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Proof. Let 4> G V, if G V'. Then 

= (AJC^IC^) = ((AJC z <t>) w \*f) = (A w (lC z <t>) w \if) 

= (. A w K. w>z 4>\if) = {<t>\K z , w A%,^) = (<j>\ IC* Z IC W A* W ^) = (K z (t>\1C w A* w ^). 

□ 


As special cases we obtain 

Proposition 6.4. If U is a unitary intertwiner, then 

K, w = u z tc z>w u* 

where U : D GL(V ) is a holomorphic mapping. If'H = 'H' and P is a self-adjoint intertwiner, then 

P Z IC Z , W = JC Z , W P*. (6.1) 

Proof. Since U*1C' W = IC W U* by Proposition (16.31) we obtain Kf w if = U)C w U*ip for all if G V'. It follows 
that 

= (O)* = {Uic w v^) z = U Z (IC W U^) Z = U Z 1C Z , W U*<I>. 

In the self-adjoint case Proposition (16.31) implies PIC W = IC W P* and we obtain 

IC Z , W P^ = {K- W P*4>) Z = ( Pic w cf) z = P z {K w <f>) z = P z JC ZtW cj 


for all (j> G V. □ 

Lemma 6.5. Let P be a self-adjoint intertwiner. Then we have 

PoKzflK Z ,v>Ko$„ = /C-J/C.^/Co^Pq 

Proof. Putting w = 0 in (16.11) we obtain P z tC z p = JCz^Pq. Therefore P z = /C Zi oPqX“q and hence 
P* = ICq ^PqICo’Ui. With (16.11) it follows that 

KzfiPo^flKw = Kz,v,lCo,lPoKo,v>- 

□ 


For the ’big’ Hilbert space, the cocycle (12.201) yields 

ST _ p7T n /2 7 7fn IS'V (X Kn \ * p7T n /2 

*Jx,x x,x pr ''■'0,0 ) - 0 x,x i 

with the adjoint depending on the choice of /^-invariant inner product on Vf:Z. Polarizing we obtain 

Jz, w = Bf : J 2 C /C 0 % (C- )* BZfi 2 V z,w £ D. (6.2) 


Theorem 6.6. The C*-algebra generated by polynomial multipliers, acting on the ’big’ Hilbert space 
H 2 (D,V™Z), is irreducible. 


Proof. Let P be a self-adjoint projection on H 2 {D,Vf:Z) commuting with polynomial multipliers. Re¬ 
placing P by 

J dk F" P k~' Kn (6.3) 

K 

we may assume that P is AT-invariant. Then the idempotent endomorphism Pq on V n Z is also K- 
invariant. Since K acts without multiplicity it follows that Pq is unitarily equivalent to a diagonal 
matrix with eigenvalues 0,1. Thus Pq = Pq. We put L := K. q 0 and continue with the following two 
claims: 


Claim 6.7. Pq commutes with all operators of the form 


(£"*«)’ 


l- 1 ?: 


L( ? z n Y 


r-!f" 

u t_ w z 


where (z,w) G Z x Z is quasi-invertible. 


(6.4) 
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Proof. Applying (12.71) to h = B\[w we obtain 

Bz{w^—w = ^■^bz, 1 J 2 w ^z{w = t-i u z B z { w ■ 

Suppose first that z,w £ D. Since Pq = Pq and IC ZtW and J Z}W differ only by a scalar factor, Lemma 

(16.51) implies that Pq commutes with 

7— 1 q 7—1 _ fl 1 ” y r —1 T D7T n /2 I--lT Ir n 

'-'z.O '- j z,wUq, w ~ V l —z) ^ ■ d z,«j x w ^ K'-z ) D z,w ^ l -ui 

= (t b: : j 2 l - 1 c i (Cr l - 1 b^j 2 = (^;/ 2 ej* p- 1 c £ (CT l - 1 b: : j 2 r_ n w 

= (t_ 2 » bu 2 )* l - 1 c i (Cr i _1 w = b * : j 2 (e a «)* l - 1 c i ro* ^ cv ^ 2 . 

Since Po commutes with the endomorphisms B z fJ 2 £ A" c , the assertion follows for z,w £ D. Since 
(16.41) is sesqui-holomorphic in ( z,w ), the assertion follows in general. □ 

The center C x C K c acts on V n Z via 

{s~^if){Q = s~ nd/p if(s() Vs 6 C x . 

As a special case of m we have 


— -K n ~L n n „7T n 


An element c £ Z is called a tripotent if Q c c = c. 

Claim 6.8. Let c £ Z be a tripotent. Then Pq commutes with all operators {it")* P _1 t^”, where tsR. 
Proof. Let r £ R, r > 1, and put z = w = rc. Then 


z = 


1 — r 2 


-c = — s z, 


where s = v , r 1 i _ 1 • By Lemma (16.71) Po commutes with the operators (G'J* L 1 1 1" L (t^ n )* L 1 G*, and 
therefore also with the operators 

p 1/2 s - 2 - (Oj* l~X" l (t it l-hx s - 2 - p 1 / 2 = (l 1 / 2 s-^r l-hi: s—l^) 2 . 

Taking the positive definite square-root, it follows that P 0 commutes with L 1 / 2 s _77n ()* L _1 
and hence also with 

rcrp-^^rcr^c, 

where 


sz = 


=c = te 


□ 


Vr 2 — 1 

is any multiple of c with i > 1. By analytic continuation, the assertion follows 

We will now complete the proof of the Theorem. Since t^T = exp(t Q(c ) Vn , taking the derivative at 
t = 0 implies that Po commutes with 

{{Q^cY-YL- 1 +L-\Q iC Y-. 

According to Theorem l2. 121 (0, -cl 71 " is a strictly upper triangular operator, whereas ((Q^c) 77 ")* is strictly 
lower triangular. Hence Pq commutes with ((Qi;c) 77n )*P _1 and L~ 1 {Q^ c) 77 ” separately. In particular, 
Po commutes with (Q^-c) 77 ” for any tripotent c. By the spectral theorem for Jordan triples [8, f2], Po 
commutes with (Q^c) 77 " for all c £ Z. This implies that Po commutes with the action of K c P+. Since 
this group acts transitively on V n Z it follows that Po = 0 or Po = 1, for the AT-invariant integral (16.31) . 
This implies that the original Po is also trivial. □ 

Note that the above proof uses mainly the facts that the typical fibre V = V n Z carries an irreducible 
holomorphic representation of K c P+ which is multiplicity-free under restriction to AT. 
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